Rules for integrands of the form (dx)™ (a + bArcSinh[c x])"

1. j(dx)'“ (a+bArcsinh[cx])"dx when nez*

(a+bArcsinh[cx])"
1: J dx when nez*

X

Derivation: Integration by substitution
Basis: i == ﬁ Subst [Coth|- ﬁ + ﬁ] » X5 @a+bArcSinh[cx]] & (a+bArcSinh[cx])

Note: If n € Z*, then x"cotn[-2 . 2] is integrable in closed-form.

b

Rule:If n € z*, then

(a+bArcsinh[cx])" 1 a x
J dx — — Subst[jx" Coth[-— + —] dx, X, a+bArcSinh|[c x]]
X b b b

Program code:

Int[(a_.+b_.+ArcSinh[c_.+x_])"n_./x_,x_Symbol] :=
1/bxSubst[Int[x n«Coth[-a/b+x/b],X],X,a+bxArcSinh[cxx]] /;
FreeQ[{a,b,c},x] && IGtQ[n,0]



Rules for integrands of the form (d x)~"m (a+b arcsinh(c x))~n

2: J(dx)'“ (a+bArcsinh[cx])"dx whennez* A m#-1

Derivation: Integration by parts

Basis: o, (a+ bArcsinh[cx])" = benlasbArcsinhicx)r

V 1+c2 x?

Rule:lf nez" A m+ -1, then

(dx)™* (a+bArcSinh[cx])" bcn J-(d x)™* (a+bArcSinh[c x])"'1
dx

V1+c?x?

J(d x)" (a+bArcsinh[cx])"dx — -
d (m+1) d(m+1)

Program code:

Int[(d_.*x_)"m_.(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=

(d#x) ~ (m+1) * (a+bxArcSinh [cxx])~n/(dx (m+1)) -

bxcxn/ (dx (m+1) ) xInt [ (d+x) A (m+1) * (a+bxArcSinh[cxx])~ (n-1) /Sqrt[1+c 2xx2],x] /3
FreeQ[{a,b,c,d,m},x] && IGtQ[n,0] && NeQ[m,-1]



Rules for integrands of the form (d x)~"m (a+b arcsinh(c x))~n

2. jx'" (a+bArcsinh[cx])" dx when me z*

1: Jx"‘ (a+bArcsinh[cx])"dx whenmez* A n>@

Derivation: Integration by parts

Basis: 5, (a+bArcsinh[cx])" = ben (arbArcSinh[cx]) "

A 1+c? x?
Rule:lf nez* A m+# -1, then

x™*! (a+bArcSinh[cx])" bcn Jx’""l (a+bArcsinh[cx]) n-1
dx

Jx"‘ (a+bArcsinh[cx])"dx — -
Vis+c?2x?

m+1 m+1

Program code:
Int[x_"m_.(a_.+b_.+ArcSinh[c_.+x_])~n_,x_Symbol] :=
X~ (m+1) » (a+b*ArcSinh[cxx])~n/(m+1) -

bxcxn/ (m+1) +Int [x~ (m+1) « (a+bxArcSinh[cxx])~ (n-1) /Sqrt[1+c 2xx*2],X] /;
FreeQ[{a,b,c},x] && IGtQ[m,0] && GtQ[n,0]

2. Jx"‘ (a+bArcsinh[cx])"dx whenmez* A n<-1

1: Jx'“ (a+bArcsinh[cx])"dx whenmez* A -2sn<-1

Derivation: Integration by parts and integration by substitution

Basis: (a:bArcSinh[cx])" __ 5 (a+bArcSinh[cx])™?
. - X

142 x2 bc (n+l)

X"/ 1 + c? x2

X"t (m+ (m+1) 2 x?)

A/ 1+c2 x2

Basis: Oy




Rules for integrands of the form (d x)~"m (a+b arcsinh(c x))~n

Basis: £ .. ﬁ Subst [F[ﬂ%z_l‘ﬂ-] » X5 a+bArcSinh[cx]] & (a+bArcSinh[cx])

1+c2 x?

Basis: If m € Z, then

XL (me (mel) 2x3) g
\V1+c? x? ~ ben

+§}m—1

Subst |Sinh|[- 2

m+ (m+1) Sinh[-2+ g]z) , X, a+bArcSinh[c x] | 8 (a+bArcSinh[cx])
Note: Although not essential, by switching to the hyperbolic trig world this rule saves numerous steps and results in
more compact antiderivatives.

Rule:lf mez* A -2 <n < -1,then

Jx"‘ (a+bArcsinh[cx])"dx

X"V1+c?x* (a+bArcSinh[c x])n+1 1 X"t (m+ (m+1) c*x?) (a+bArcSinh[c x])n+1
— - dx
bc (n+1) bc(n+1)J NET

X"V1+c?x* (a+bArcSinh[c x])n+1

E— -

bc (n+1)

a  Xqm-1 a  Xq2
—_— Subst[Jx"+1 Sinh[—— + —]m (m + (m+1) Sinh[-— + —] ) dx, X, a+bArcSinh|[c x]]
b2c™! (n+1) b b b b

Program code:

Int[x_"m_.x(a_.+b_.»ArcSinh[c_.*x_])"n_,x_Symbol] :=
X"m#Sqrt[1+c 2xx2] * (a+bxArcSinh[c#x] )~ (n+1) / (bxcx (n+1)) -
1/ (b”"2xc” (m+1) x (n+1) ) =
Subst [Int[ExpandTrigReduce[x” (n+1),Sinh[-a/b+x/b]" (m-1) « (m+ (m+1) #Sinh[-a/b+x/b]*2),x],x],Xx,a+bxArcSinh[c*x]] /;
FreeQ[{a,b,c},x] &% IGtQ[m,0] && GeQ[n,-2] && LtQ[n,-1]



Rules for integrands of the form (d x)~"m (a+b arcsinh(c x))~n

2: J-x"‘ (a+bArcsinh[cx])"dx when mez* A n< -2

Derivation: Integration by parts and algebraic expansion

ice (a+bArcSinh[cx])" __ (a+b ArcSinh[c x])™?
pasts: Viec2x? = Ox bc (n+l)
Basis: Oy | X" \/1+C72X2 o _mxm?! 2 (m+1) xm?
" Vil T VL

Rule:lf me z* A n < -2,then

Jx'“ (a+bArcsinh[cx])"dx —
x"V1+c?x* (a+bArcSinh[c x])n+1

bc (n+1)
)n+1

n+l

dx

"/1+c2x2 b (n+1)

m fx"“l (a+bArcsinh[cx] c(m+1) J-X"”l (a+bArcsinh[cx])

V1+c2x?

bc (n+1)

Program code:

Int[x_"m_.(a_.+b_.*ArcSinh[c_.#x_])~n_,x_Symbol] :=

XAmxSqrt [1+c 2xx"2] » (a+bxArcSinh [cxx]) A (n+1) /(bxcx (n+1)) -

m/ (bxcx (n+1)) *Int[x" (m-1) x (a+bxArcSinh[cxx] )~ (n+1) /Sqrt [1+c 2%x"2] x| -

Cx (m+1) / (bx (n+1) ) *Int[x” (m+1) » (a+bxArcSinh [cxx]) A (n+1) /Sqrt[1+c 2xx22],x] /;
FreeQ[{a,b,c},x] && IGtQ[m,0] && LtQ[n,-2]

3: Jx’“ (a+bArcsinh[cx])"dx when me z*

Derivation: Integration by substitution



Rules for integrands of the form (d x)~"m (a+b arcsinh(c x))~n

Basis: F [X] == ﬁSubst{F{M} Cosh|[-2+ %], x, a+bArcSinh[cx] | Ox (a+bArcSinh[cx])

Note: If mez*, then x"sinh[-2 + X]"cosh[-2 + %] is integrable in closed-form.

Rule: If m € z*, then

1

b cm+1

a Xxqm a x
jxm (a+bArcsinh[cx])"dx — Subst[J-x" Sinh[—— + —] Cosh[—— + —] dx, X, a+bArcSinh[c x]]
b b b b

Program code:

Int[x_"m_.(a_.+b_.*ArcSinh[c_.#x_])~n_,x_Symbol] :=
1/ (bxc~ (m+1) ) *Subst [Int [x*n«Sinh[-a/b+x/b] *mxCosh[-a/b+x/b],X],X,a+bxArcSinh[c*x]] /;
FreeQ[{a,b,c,n},x] && IGtQ[m,0]

u: J(d x)" (a+bArcSinh[cx])" dx

Rule:

J(dx)“‘ (a+bArcsinh[cx])"dx — j(dx)“‘ (a+bArcsinh[cx])" dx

Program code:

Int[(d_.#x_)"m_.*(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Unintegrable[ (d+x) “m« (a+bxArcSinh[c+x])~n,x] /;
FreeQ[{a,b,c,d,m,n},x]



